436] 99 


436. 


ON A CERTAIN SEXTIC TORSE. 


[From the Transactions of the Cambridge Philosophical Society, vol. xr. Part rm. (1871), 
pp. 507—523. Read Nov. 8, 1869.] 


THE torse (developable surface) intended to be considered is that which has for its 
edge of regression an excubo-quartic curve, or say a wnicursal quartic curve. I call 
to mind that (excluding the plane quartic) a quartic curve is either a quadriquadric, 
viz. it is the complete intersection of two quadric surfaces; or else it is an excubo- 
quartic, viz. there is through the curve only one quadric surface, and the curve is the 
partial intersection of this quadric surface with a cubic surface through two generating 
lines (of the same kind) of the quadric surface. Returning to the quadriquadric curve, 
this may be general, nodal, or cuspidal; viz. if the two quadric surfaces have an 
ordinary contact, the curve of intersection is a nodal quadriquadric; if they have a 
stationary contact, the curve is a cuspidal quadriquadric. 


The unicursal quartic is a curve such that the coordinates (x, y, z, w) of any point 
thereof are proportional to rational and integral quartic functions (*{6, 1) of a 
variable parameter 0; and the general unicursal quartic is in fact the excubo-quartic ; 
but included as particular cases of the unicursal curve (although not as cases of the 
excubo-quartic as above defined) we have the nodal quadriquadrie and the cuspidal 
quadriquadric. The torse having for its edge of regression a unicursal curve is a sextic 
torse; and this is in fact the order of the torse derived from the excubo-quartic, and 
from the nodal quadriquadric; but for the cuspidal quadriquadric, there is a depression 
of one, and the torse becomes a quintic torse. The equations have been obtained of 
(1) the sextic torse derived from the nodal quadriquadric, (2) the quintic torse derived 
from the cuspidal quadriquadric, (3) the sextic torse derived from a certain special 
excubo-quartic; but the equation of the torse derived from the general unicursal quartic 
has not yet been found. To show at the outset what the analytical problem is, I 
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anticipate the remark that the coordinates (æ, y, z, w) of a point on the curve may 
by an obvious reduction be rendered proportional to the fourth powers (8 +4), (0 4- 8*, 
(0 ++), (8+ 8 in the parameter 0; this leads to an equation 


VA: AA rd 
(6-ray (+A? Otay (8vBp ^ 


for the osculating plane at the point (a, y, z, w); or observing that this equation, 
when integralised, is of the form (a, y, z, wQ0, 1) -—0, we see that the equation is 
obtained by equating to zero the discriminant of a certain sextic function in 0; the 
discriminant is of the order 10 in the coordinates (x, y, z, w), but it obviously contains 
the factor xyzw, or throwing this out we have an equation of the order 6, so that 
the torse is (as above stated) a sextic torse. 


Theorem relating to Four Binary Quartics. 


1. Consider the four quartics: 


(hh, b, e, di, aa, y) 
(as; bs, Cr, dy, elo, yy, 
(ds, 5s, Cs, ds, 30%, y). 
(04, Oy; 0,, hy, elo, ys 


then if X, X, X, A, are any four quantities, these may be determined, and that in 
four different ways, so that 


M (a, ... Xo, Y + (Ao, A y) s (05, --- Ua, y) HM (a AL, YY = (Ba + ay), 


a perfect fourth power; in fact, equating the coefficients of the different powers 
of (x, y), we have five equations, which determine the ratios of the unknown quantities 
M, As, As, Ag; a, BÀ: eliminating M, Ae, As, Ay, we find the equation 


B*5 Ba, Be; Ba, “a* | = 0, 

Q, bà, 0o, d, & 

a4 000b, 28 cpysadaw ¢, 

fa; Ub. , Uae 1 ies 0 

Gis labitid Gad) «te odo 
giving four different values of the ratio a : 8; or, assigning at pleasure a value to 
a or B (say B=1), then to each of the four sets of values of (a, 8) there correspond 


a determinate set of values of (M, A», As, As); that is, we have as stated four sets of 
values of Ay, X, As, X4; a, f. 
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Standard Equation of the Unicursal Quartic. 


2. The coordinates (æ, y, z, w) being originally taken to be proportional to any 
four given quartic functions («10, 1)‘ of the parameter 0, then forming a linear 
function of the coordinates, we have four sets of values of the multipliers, each reducing 
the function of 0 to a perfect fourth power; that is, writing (X, Y, Z, W) for the 
linear functions of the original coordinates, and taking (X, Y, Z, W) as coordinates, it 
appears that the unicursal quartic may be represented by the equations 


APP qd eer ey: (0 + By : (0+ yy : (0 -8Yy. 


Tangent Line, and Osculating Plane of the Unicursal Quartic. 


3. The equations of the tangent line 


coordinates whereof are as (0 -ay : (0+): 


at the point (0) (that is, the point the 
(0 4- yy : (04- 8)) are at once seen to be 


| X, igi Z, W (20, 
| (0-- «y, (0 By, (+), (+8) 
(0ta, (04+ By, (0+), (0+ 8) | 
and that of the osculating plane to be 
| X, Y, Z, W. | 20. 
(0--ay, (0+8), (0+), (0-9) 
(@+ay, (+B), (0 wy, (0—5y 
| (ay, (0+8, (wy, (0-5) | 
Writing as in the sequel 
a=B-y, f=a—6, 
b=y-4, g=B-6, 
c-a—g8, h= y= ô, 
the equations of thè tangent line become 
ELERA E eon d 
(0--8y (+P Cku AA 
"gus "at ers? 
d Lee a 4 HE UT 
(0+a} (0-- By (040p ^" 
aX bY cZ $, 


Ota (+8) (+4) 


(equivalent of course to two equations), and the equation of the osculating plane becomes 


ahgX hbfY 


(0-- ay (8--8y * (039 +d" 


MIZA abc W 0. 
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Modification of the foregoing notation, and final form for the Unicursal Quartic. 


4. If instead of the coordinates (X, Y, Z, W) we introduce the coordinates (a, y, z, w) 
connected therewith by the relations 


ahg Xscihbf Y. cafa F: abe Wick ay «mt 5 Ww, 
or, what is the same thing, 
X: Y: 4: Wz-bofz:cagy : abhz : fghw, 
then the curve is given by the equations 
&:9y:2:w-ahg(0-- ay : hof(0-- By : cfg (0 - yy : abc (0 + èY. 
The equations of the tangent line are 


"i PEKE.. MOREE, ME 
(0+ By OFFI OPT” 


Uum PELA oe a a 
Gr co + Gray Gr» 
_ be I aal. +. hw EX 
(0--a» (06+ gy (0+8 ^" 
NEU onn. abes wh... do 
(0a (0-8 (+) bi 
and the equation of the osculating plane is 
a w 0. 


» DUM M uia e BR. VAN 
(0x aj* (63-By ^ (04- y* * (84-8) 


Determination of the Sextic Torse. 


5. Starting from the equation of the osculating plane written under the form 
æ (0 4- By (0 -- yy (0 4- 8y 

+ y (0 - yy (0 4- 9) (0 4- ay 

+ z (0+ 6) (0 + ay (0 + BY 

+w(0 + a (0 4- 8y (0 4- yy —0, 
the equation of the torse is obtained by equating to zero the discriminant of the sextic 
function. Writing as before 

a=B-—y, f=a— ò, 


b=y-a, g-28-—68, 
c=a- 8, h=y-6, 
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equations which give 


h-g+a =9, 
-h . +f +b =0, 
ie ee atc 
—a —b —c sisdy 
hB — go -- a8 — 0, 


—ha . +fy+bs=0, 
ga—fB ` +cd=0, 
and also 
af 4- bg 4- ch — 0, 


then the discriminant is a function of (x, y, z, w), (a, b, c, f, g, h) of the degree 10 
in (æ, y, z, w) and the degree 30 in (a, b, c, f, g, h) But the equation in 0 has two 
equal roots, or the discriminant vanishes, if any one of the quantities (s, y, z, w) is 
—0; and again, if any one of the differences a—f, &c. (that is any one of the 
quantities a, b, c, f, g, h) is =0: the discriminant thus contains the factors zyzw and 
(abcfghy, and throwing these out, we have an equation of the form 


A — (a, b, c, f, g, h)* (a, y, z, w—0, 


which is the equation of the sextic torse. 


Principal Sections of the Torse. 


6. Consider for instance the section by the plane w=0. Writing w — 0, the equation 
of the osculating plane is 


(0 + 8) [n (0 + BP (0 + yy + y (0-- y (0 +a) + 2 (0 +a) (6 By] — 0. 


The discriminant of the sextic function vanishes identically in virtue of the double 
factor (0 --8). But omitting this factor, the equation becomes 


v (0 -- By (0-- yy * y (0 - yy (0 a) - z (0r ay (0 - By — 0. 


The discriminant of this quartic function of @ is a function of æ, y, z, a, b, c of 
the degree 6 in (a, y, z) and 12 in (a, b, c); it contains however the factors vyz, a?b*c, 
and the remaining factor is of the degree 3 in (a, y, z) and 6 in (a, b, c); this 
remaining factor is as will presently be seen 


= (av + by + c'zy — 27«b2c? xyz. 


The last mentioned sextic equation in @ will have a triple root 0— —8, if only 
the value 0 2 — 8 makes to vanish the factor in [ ], that is if we have 


Q0 2 ghia + f'y tofu. 
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The foregoing results lead to the conclusion that for w=0, we have 
A — (gl? +h? fy +f9°z) (wa + by + ez? — 21a?b*e xyz]; 
but this will appear more distinctly as follows. 


7. First, as to the factor (œs + by + c’z)?—27a*b’c? xyz: writing in the equation of 
the osculating plane w=0, the equation becomes 


Nm LUE qM - PEOR, Om =0 

O FAP ACFA (O+yP ' 

which equation is therefore that of the trace of the osculating plane on the plane 
w=0; the envelope of the trace in question is a part of the section of the torse by 
the plane w=0. To find the equation of this envelope we must eliminate 0 from the 
foregoing, and its derived equation 


P aed y pee i0 
Otat (83- B9 * (8x yp) 


the two equations give 


$:y : Zza(0--ay : b(0--By : c(0--yy, 
and thence 
(a? + (by) +(e = a (0+ a) 1 b (0 4- B) - e (0 +4) — 0, 


that is, we have 
(œa)! + ey) + (e =0, 
or, what is the same thing, 
(aa + by + zy — 27a*b*c? ayz — 0 


for a part of the section in question. 
8. I have said that the foregoing cubic is a part of the section; the equations 
€ :9:2: W-ahg (0 -- ay : bhf(0 -- By : cfg (0 -- y) : abc (0 + 8), 


which for w=0 give 0— —8, and thence æ : y : z=af® : bg? : ch’, show that the last 
mentioned point is a four-pointic intersection of the curve with the plane w=0. 
But the curve, having four consecutive points, will have three consecutive tangents in 
the plane w=0; that is, the tangent at the point in question will present itself as 
a threefold factor in the equation of the torse. Writing in the equations of the tangent 


t —0, 0 —— ò, we find for the equation of the tangent in question 
AME I" 
past 


or, what is the same thing, 


Shia + h2f?y + f*g!z — 0. 


Hence the section by the plane w=0 is made up of this line taken three times, 
and of the last mentioned cubic curve. 
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9. By symmetry, we conclude that the sections by the principal planes æ= 0, 
y=0, z=0, w=0, are each made up of a line taken three times, and of a cubic 
curve: viz. these are 


æ =0, Bfy + Cf?z + bw =0, x (yy? + (giz)* + (aw)* — 0, 

y —0, aoe ^ egz + eaw — 0, (hea)? A fey + (bw)! = 

z —0, whix+ bhy . +abw=0, (gx) +( fy) . +(ew)*=0, 
=0, gha+lefyt fx. =0, | (uy + (byf 4 (e) =0, 


where for shortness I have written the equations of the four cubics in their irrational 
forms respectively. 


Partial Determination of the Equation. 


10. As the value of A is known when any one of the coordinates a, y, z, w is 
put —0, we in fact know all the terms of A, except those which contain the factor 
ayzw, which unknown terms, as A is of the degree 6, are of the form (* Qa, y, z, wY. 


I remark that if (zyzw) is any homogeneous function (* Qa, y, z, w}, and (xyz), (xy), 
(x) are what (ayzw) become on putting therein (w = 0), (z = 0, w=0), (y — 0, 22 0, w=0) 
respectively, and the like for the other similar symbols, then that 


(ayzw) = (x) + (y) + @) +) 
— (ay) — (x2) — (xw) — (yz) — (yw) — (2w) 
+ (wyz) + (zyw) + (wzw) + (yzw) 
+terms multiplied by zyzw; 


in fact, omitting the last line, this equation on writing therein z 2 0 or y=0 or z=0 
or w=0, becomes an identity, that is, the difference of the two sides vanishes when 
any one of these equations is satisfied, and such difference contains therefore the factor 
ayzw; which proves the theorem. It hence appears that the equation A — 0 of the 
torse is 
A=  atg*hsa* + Dh fey + cf 59525 + atb*chu* 

AT (hx + h? f*yy (ax 4 byy 

— (e f*y + f^g'zy (by +2)? 

— (ghia + f*g!zy (au + zy 

—(vhia + abw (gs + cw) 

— (Pity + cb wy (fy + ew) 

—(cg?z + caw) ( f + bw)? 

+ (Df *y + ef? + Bow) [(hy + gz + aw)’ — 2Targ*h*yzw] 

+ (age + gs + Caw) [(ke+ £z + bwy — 270 h:fzow]| 

+ (ække + Bey + eb wy [(g^v + fey + Cw) — 21ef*gvyw)] 

+ (ghia + hefty +frg?z) (wat by + cz y — 27a*b?c’ayz | 

+ ayzw) (#¥v, y, 2, wy, 
where the ten coefficients of (#{, y, 2, w) remain to be found. 

C. VII. 14 
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Process for the Determination of the Unknown Coefficients. 
ll. At a point of the cubic curve in the plane w=0, we have 
2$:y:z-a(0-ray : b(04 By : c(0-- yy; 


and the tangent plane at this point is the osculating plane of the curve; that is, it 
is the plane 


, , , 


a 2 w 


y tc EE ee 
(xay (04 ay * (0o y (9689 


if for a moment (z', y’, z, w) are the current coordinates of a point in the. tangent 
plane. But the equation of the tangent plane as deduced from the equation A — 0 is 


PORTON gro nt os dir 
da Y dy dz mu. 


where in the differential coefficients of A, the coordinates (s, y, z, w) are considered 
as having the values 


2$:y:2:w-a(8--ay : b(0-- By : c(0-- yy : 0. 
Hence, with these values of (vw, y, z, w), we have 
dA dA dA dà — 1 ., 1: . 1, 1 
dv ` dy dz ` dw (04a (06+B) '(0-vyy (0+8) 


conditions which determine the values of certain of the coefficients of (*Qa, y, 2, wY, 
viz. the six coefficients of the terms independent of w; and when these are known 
the values of the remaining four coefficients are at once obtained by symmetry. 


12. To develope this process, disregarding the higher powers of w, we may write 
A=043w® + vyzw (* Jax, y, zy, 


where © denotes the terms independent of w, 3wd the known terms which contain 
the factor w, and wyzw (* Qa, y, zy the unknown terms which contain this same 
factor; the value of (* ýs, y, 2} being clearly = (xs, y, z, 0). 


We have, moreover, 


O= (Plath f*y t+ f£*gzy (ee + by + ez) — Tabe xyz], 
and 


p= f*(by c y[ae f? (ty — Thegyz + ge) (Vy ez) 9 be (y + g2] 
+ of (ax + cz) [bo (ha? — Th? f*zz + fie?) (We + Cz) + Ca? (ke + fy] 
+ ht (We + by) (Ch? (gta? — VghAey + fry?) (We + By) + ab (ge + f*yy] 
— athig* (Pg + ch? ) a? 
— bf (gh? a? f?) 
-ef' efi vg yg. 
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13. The equations, putting after the differentiations t! — 0, and writing for shortness 
(x) in place of (*¥a, y, z}, become 


de de de 
da ` dy ` dz 


1 1 1 


: 3D rai Vim. tes hyk ; 
“EO aF | (048) Qs * Ox IF 


Now, observing that the second factor of © vanishes for the values 


a(8ay, b(Ü- By, cO+y)® of (m, y, 2) 
we have simply i 


de 2 2 f2 o 9 No 
d (Ghia +h? f *y 4- f*g?zy . Sa? [(a? + bey + cz)? — 9b%eyz], 


But 
Cat Dy 62 — a? (0+ ay +h (0+ By e e (04. yy, 


' = Babe (0 +a) (0 + 8) (0 + y), 
in virtue of the relation a (0 - a) -- b (0 4-8) - c (0 -- y) 2 0 and hence 
[(a*a + by + cz — 9Uc*yz] = Ie (0 + By (0 + yY. [a (0 + ay — bc (0 + B) (0 + y)], 
= 9e (0 + BY (0+ yy Q, 


where 
Q=a (0+) — bc (048) ( +y), 
=)? (0 +8BF-—ca(0+y)(0 +a), 
=ë (0E yy ab (0+) (6 + B) 
Hence 


de AES Pare | 
do ^ 2a e (ghe + Ie fry + figzy (0 + By (0 4 yy Q, 


and similarly 


de 9.0 9} 9 9 £2 29 i 

Tq = 2Tab?c (hæ + h Jy + Fey (0 + y» (0 -- ay Q, 
de 97 hna? DT ADI ^ D 9.,9 | 

E (Dd abe (glee + h? fry + f2g?z) (0 +a)? (0+ BY Q; 


whence the above-mentioned conditions reduce themselves to the single condition 
(0 4- 8) {3 + wyz (*)} = 2Ta*b*c* (g*htw + hè fey + f2g2z) (0+ ay (0+ 8 (0+ ye Q. 
14. But we have 
Glia +h? fey + f*giz 
— gl? a (0 0 f£ - le fd (0+ 84 gy + frre (0+ 8 4- hy, 
= (0 + 8) [(gHI^a + I? f*b + f*g'c) (0 +8) 4-3 (gha + hfb 4- fgc) fah], 
= — abc (0 +8) [(gh + hf + fg) (0 + 8) - Sfgh], 


= — abc (0 + 8y [gh (0 +a) + hf (0 4- B) 4- fg (0 +y), 


= — abe (0 4- y. P, 
14—2 
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if for shortness 
P=gh(O+a)+hf (0 4- B) 4- fg (0 +y). 
Hence, substituting, 


34 + abc (0 + ay (0 + By (0 4- yy (*) =— 27 (abc) (0 + 8 (0 +a} (0 - B (0 - yy PQ; 


which when the values a(0 xay, b(0-- By, c(0--yY for (a, y, z) are substituted in 
the functions and (x), will be an identical equation in 6. 


15. It is right to remark that what we require is the expression of (*), = (* æ, y, 2); 
the foregoing equation leads to the value of (*) expressed in terms of 0; and it is 
necessary to show that this leads back to the expression for (*) as a function of 
(æ, y, z); in fact, that the function of @ is transformable in a definite manner into a 
function of (x, y, z) Suppose that the function of @ could be expressed in two 
different manners as a function of (æ, y, z); then we should have two different 
functions (æ, y, z) each equivalent to the same function of 0; and the difference of 
these functions would be identically =0; that is, we should have a function (a, y, zy 
vanishing identically by the substitution 


&$:y:z-—a(0-ray : b(0-- 8y : c(04t- yy; 
but these relations are equivalent to the single relation 
(aa + by + cz)’ — 27a??? xyz = 0, 
which, quà cubic equation, is not equivalent to any equation whatever of the form 
(x, y, 2570; 


that is, the function of 0 is equivalent to a definite functi om (x, y, zy. 


16. To proceed with the reduction, I remark that we have 


P = (ax + by + cz? í f? lef (My? — Thegyz +g) (Py + Cz) + Be? (ky + gz y] 
+ g* [be (hia? — Th? faz + fte) (wa + cz) + Ca? (ke + f?zy] 
| + ht [eh (gta? — Tg? fray + fry?) (a? + by) + ab (gra + f*yY] 

— dhg (bg? +k )e 

— bh ft (ek a fy 

(— e féig* (vf? + bg? ) 2 


+ ay2z0 


where 
-Q= 2(beAa?+ ea By + obCz) 


+ (My + Nz) (atx + 2a*b*y + 2a%c*z) 
+ (Oz + Px) (2a*b’a + bty + 2b*e*z) 
+(Qx + Ry) (2vcx + 208 + ez ), 
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if for shortness 
A=a'g'h (Dg +h? ), 


B =bh ft (ch? 4a f), 
C =e fig (vf? Ug), 
M =f (a? Pek — Ta? fg + 3b:9ch?), N=fig(—Tarfrch + a? f2b'g? + 3b°%9ch? ), 
0 — g' f? bpe f? — TUgiel? +3chaf*), P=gh?(—Thgaf?+bych? + 3eho? f ?), 
Q =ke (kbo — Tea? + 3a? fbg), Rah f?(—Tehbg + eka f? 3a fug); 
and I represent the foregoing equation by 
o = (aa + By + e2} U + zyzO. 


Hence, writing for æ, y, z the foregoing values, we have 


o = Jabe (0+ ay (0 4- 8y (0+ yy U+ abc (0 + ap (0 - 8» (0 - y» 0; 


, 


and thence 


27U + (0 + a) (0 + B) (6 + y) (30 + (9)) = — 27 (abe) (0 + 3 PQ; 
that is 


27 [U + (aboy (0+8) P'Q]+ dz (0+ a) (0 +B) (0 +y) (32 + (9) 0. 


In order that this may be the case, it is clear that we must have 
U + (abc) (0 + 8$ P*Q — (0 +a) (0+ 8) (6+ y) M, 


viz. the left-hand side expressed as a function of @ must be divisible by the product 
(0+a)(0+8)(0+y) Assuming for a moment that this is so, the quotient M will be 
a function (0, 1)' expressible in a unique manner in the form (a, y, z), and assuming 


it to be so expressed, we have 
27 Mabe + 30 + (*) =0; 


which equation, without any further substitution of the @-values of (a, y, z), gives (*) 
in its proper form as a function of (a, y, 2). 


Reduction of the Equution, U + (abe) (0 + òY P?Q =(0 +a) (0 +8) (8 + y) M. 


17. We have by an easy transformation 
U= (ae+b y+ cz) a? f* (ty? — Thegyz + giz’) ) 
+ Ug* (PP Ife + hi) 
LH eR (gu? — Ty'frxy e 
+7 (at f* + bgt + cHh*) Pgh? ayz 
tU, 
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if for shortness 
U= yz. cht ft (3b%9? — ch? ) 
+ y2. bgt ft (Bch? — bg? ) 
+ ee . œ f'g (Bch? — af?) 
+ 20. ehg (3a2f?— ch? ) 
+ ay. boh (3ef—Ug) 
+y. a fth (3b? — a? f°). 
Substituting the 6-values, the terms of U, other than U’, are at once seen to 
contain the factor (0 +a)(0 + 8) (0 + y), and we have 
M= 3abe afs (hy? — Tegyz + giz” à 
+ bg (fie — fhea + ha) y 
+ chs (gf? 184 1g? fay tf^ sl 
+7 (at f* + bigs + clo) f° g'h? abe (0 +a} (0 + BY (6 y 
TA, 
U' + (abc)? (0 + 6» P*Q = (0 + a) (0 + 8) (0 + y) M. 
18. Write for shortness p, q, r —(af, bg, ch); after a complicated reduction, I obtain 


where 


Babe M'— ay" (r —p)(p—q)(- 2p! + Spqr — bgr) a? 
+ BRS? (p— q) (g — 7) (— 24* + Sg'rp — 6g p y* 
+e fig? (q —7)(r — p) (— 2r + rpg — 6pqn) 2 
+ 2f? g?h?b?c? (Tp — 20p?qr + 4q1* ) yz 
+ 2f?g?l?ca? (Tgi — 20pg?r + 4r°p* ) zo 
+ 2f392]2a?b? (Trt — 20pqr? + 4p?g? ) wy 
— 9f*g!h? (pt + gt + 75) (a + By + Cz). 
We then have 
9abc M — terms (a, y, z} + 9abc M, Q = terms (x, y, 2) 


as above; and 
27M abc + 30 + (*) — 0, 


which gives (*), 
19. After all reductions we find: 

—1(*)= agh (298p — S4p'qr + 62yp'q*r* — 28q*r*) a? 
+ bhe f? (284° — 84pq*r + 62p!q*r? — 28r*p*) y? 
+ e fg? (287% — 84pqr + 62p/g?r — 28p!g?) z 
+ f? (— 3p? + 14p*qr — 130pq?r? — 136p*q'r* + 4249*1*) yz 
tg? (— 34? + 14pq'r — 130p'q*r? — 136p?q?r? + 4274p‘) za: 
+ h (— 378 + 14pqi* — 130p?q*i* — 136p!q?r? + 42p*q*) y ; 
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or observing that the coefficients of ag*h?a*, b? f*y? and c'f*g'z are equal to each other 


and to 
62p!g*r? — 28 (q?r? + p° + p*g?), 


the equation becomes 
(*) =  —3(62p'q'? — 28 (PP +PP + pq?) EPEE + bo? f2y? + ef? gi) 
+ 3 (3p* — 14p'qr + 130p*g?r? + 136p!q*r? — 42474) f?yz 
+ 3 (34° — 14d*pr + 130g*p?r? + 186g?pr? — 42r%p') gza 
+3 (37° — 140% pq + 180r*p*g? + 136r°p'g? — 42p'q*) Way ; 


and we thence obtain by symmetry the complete value of (* Qa, y, z, wy, viz. we have 
only to complete the literal parts of the foregoing expression into the forms 


Cpa + boh? fey +e fgg + ac, 

J^ys + Waw, 

Pze + byw, 

Can + a!zw, 

respectively. 
20. The equation of the torse thus is 
A= afghhias + Uh fry’ + c f'g + afbichws 

=f: (y+ gzp(by ey 
— of (f?z 4 ha) (ez + ae 
—Wgatfiyy (a + by) 
— q^ (g? à - Cwy (Wa + bw) 
— b^ (hà y + aw) (fey + wy 
— 65 ( f*z + Pu) (g^z + aw) 


+ (PYESE + Vow) (ey + 2+ ew) Tagh yzw ] 
+ (ga HEP + caw) [2 IPs + Pw) — 9161? f? caw] 
+ (Wha +y + vbw) (ge +f2y + Cw) — We fey? eyw] 
+ (ghia +f ey + fez) (We + by +c y — 21a. xyz] 
+ ayzw (*lo, y, z, wP=0. 
I recall that 
a=B-y, f-a-68, p-«f (a —8)(8 —y), 
bea, ge 8-5, q=by -(B—9)(y —8), 
c -a—g, h=y-65, r — ch = (y — ò) (a — 8) 


Developing, we have finally the equation of the torse in the form following. 
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Equation of the Seatic Torse. 


21. The equation is 
0- (a*g*h*, DRESS, c* f*g*, aBa, vo, 25, wt) 
43g +7) (bhf, g f*, ghia’, bictaY yz, y, aw, aw?) 
4-3(7-T») (ct fig’, a*h*g*, h*fsbo, tab Yg, 20°, yw, yw) 
+3(pP +g) (gh, UPR, fie, wbicYary, vy’, zw, za ) 
4- 3 (g* t3¢Gr +r) VR, CPS, Phra’, vay, yz, aw, anus) 
4-8 (r1 + 3P + p) (Pg, high, Wf, cab Nera, azt, yw, ywi) 
+3 (p! + 3p'g? + q*) (g^, USN, fP, afpera, ay, tw, zur) 
+ (6p* + 9p?g? + 9p'r* — 2197?) (agh, abet, PMD, fgtc'Yatyz, wiyz, ywa, zwy) 
+ (6g* + 9g? + 9g p* — 21r*p*) (bhi ft, Peat, f'e, Phiahy'zr, wea, zwy, a*wz) 
+ (674 + 9r2p? + 9r*g* — 21p'q?) (c f*g*, abt, legas, hf bY cay, wry, atwz, y*wa) 
+ (që + 995r? + 9gr* + 7°) (^5, a Yy, aw) 
+ (18 + 9r*p? + 91?p* + p) (9°, EY, yw) 
+ (p° + 9pig? + 9p'q* + q*) (AS, cf Katy, zw) 
+9 (gir? + Gri + rip? + rp + pig’ + pig’ — Mp?) 
x (^g? ?, PRC, Pea, hah Yary%’, yew, aw, ayw?) 
+3 (p* + 3p (2g? +1) + 3p! (g* — 97) + gr} 
x (Pht, hb, get, bayz, ywa, wa, wiyz?) 
+3 {ge + 3g Qr + p°) + 3g (7 — Trip?) + rp’) 
x (fs, fic, Fat ate? ayia, wy, awy, wzat) 
+3 {re +3r* (2p? + q*) + 3r* (pf — Tp'q?) + p'q} 
x (gt, ga, fb, bahay, x we, ywz, way?) 
4-3 (p^ + 3p (2? + g’) + 8p? (r* — 1977) + Gr} 
x (g'h, kbi, gte, bY ayz, ywa, gwa, wy*z) 
+3 {go +34 (2p? rm) + 3q? (pt — Tr*p*) + rtp 
x (lt f?, fret, ka, acYatytz, zwy, awy, wes) 
4 9 (r5 + B78 (20 + p*) + 37° (q — TPE) + po 
x (FP, gat, fib, bahay, wz, ywz, way) 
( — 3 (62p'q^i? — 28 (Pr + v*p* + p?q?)) (gh, BEF c? f*g*, aba, y’, 2, w) 
+ 3 (3p* — 14p'qr + 130p'g*r* + 136p*q*r? — 42973) (f?, a? yz, aw) 
ee a + 3 (3¢° — l 4qfrp + 150gr*p? + 136g?r*p? — 42r4p*) (g?, PYzr, yw) 
+3 (87 — 14a*pq + 1307tp*g? + 1367?p*q? — 429) (h?, c Yay, zw) j 
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Comparison with the Equation of the Centro-surface of an Ellipsoid. 
22. In the Equation 


a MET SME eS. S eS 
(xay * Br rwy iy^? 
for x, y, z, w write £, 7%, €, œ, and then 8— o, the equation is converted into 


dealt edo ui 

(0+a} (0+8F (0-wy 
or writing a°, b, c? for a, B, y, and understanding &, n’, C, e? to mean a*?, by’, e, 
— 1, this is 


+o?=0; 


E NEL n 
(0+2 (0+0  (0-rcy 


This is an equation, the envelope of which in regard to the variable parameter 0, gives 


1=0. 


2 2 2 
the surface which is the locus of the centres of curvature of the ellipsoid zi us + 5i, 


b 
or say the Centro-surface of the Ellipsoid. (Salmon's Solid Geometry, Ed. 2, p. 400, 
[Ed. 4, p. 465].) 


Making the same substitution in the foregoing equation (#2, y, z, w)}=0, the 
quantities f, g, h become equal to —6, and p, q, r to —ad, — bd, — c8 respectively, and 
the whole equation divides by 8*; throwing out this factor, we have a result which is 
obtained more simply by changing 


v6,9,2,w, a b,c, f, gh, E 
e "v, 65 w, a, B, Y, 1, 1, L; a, B, Y» 


where a, 8, y now signify b?— c, e? — a2, a? — 0? respectively, and &, n°, €, e? are retained 
as standing for a*a*, y^ ¢2°, —1 respectively; viz. the equation of the centro-surface 
is found to be 


v» (a*, BS v^, e^ By E En, m, Eo, on) 

*3(8 y) — (Bs y5 aS, ey ons PE, Enos, Po) 

TOPES —(ysoe, BY Bua E" P, DES qe, spon) 

I(E) (at, Bos yw PEE, Pus Pot, Ca?) 

EIEI y) — (B, y, t, n |, os Bot, Pn) 

FIHI tat) (yc, BP BP, DP, not, gun) 

*3G 398.8) (a, B y, PES AEn, Ets Dot, Dan) 
+ 8 (a 328 Sy — 8s) (^, a By, Bs y TENS, opp nef, Deis) 
+3 (2B + 3By + 389 — Ty) (B, Bras, ys DPE, WOE, Pos, Pet) 


+3 (2y + 9y'à + yg egi) (ys, yep at, BVE, Ey, Pe, qw) 
©. VII. 15 


into 
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+ (B*-98* 9895 y) — (, a IS, Po?) 
+ (of + Iya? + Oyv +a) — (1, REEE, gie") 
+ (a° + 9at8? +98 89 (1, yE, Po) 


403 (a5 + 3a (28° “he y.) + 3a (8! T€ 7 By’) + By} (1, pg, y, Bry Eye, nwE, Cio! E, ay t) 
£3 (8-38 Qn c c) 38 Qn — T) e ya] Qs ys as c DICE, Dos, Korn’, oF) 
+ 3 {o + By! (2a? + B) + By? (at — Te) + ee] (1, e, BY BANE En, Hott, gwth, Eni) 
+ 3 (a5 + 3at (Qy? + 82) + 3a? (Y -TRPP + By} (1, y^ BY, B? VEO, CoE, n'o, op?) 
+3 [+ 38 Que +y) 38 (a TPE) yo] Los s PEPEE, Posi, Pat, oft) 
4-8 fy’ EN 3y! (28 + a?) + 3y? (8* d 122?) + a? g*| (1, B3 at, atB?Y EE, na E, Ew, e£?) 
i 9 (B'ye -+ y: ae yta al yat + a1? me a2(9* — 14 8y?) 
(1, gy, PE, CENENE, meot, DEO Entot) 
( — 3 {62a°B*y? — 28 (By + ec? + p) (a7, BY y, CBP ES n, ES m) Y 
— + 3 (3a8 — 1498» + 130a* B"? + 136098? — 42/8) (1, e V, £o") 
+h e» n 
TU | + 3 G8 - 1492-1308: + 1368 — A2) (1, BACE, o) | 
| + 3 (Bq? — L&e'aB + 1309228" + 13668 — 42B) (1, PAER, Co?) ) 
This agrees with the result given in Salmon’s Solid Geometry, Ed. 2, p. 151, [Ed. 4, 
p. 178], and Quarterly Mathematical Journal, vol. 11. p. 220 (1858); in the latter place, 
however, the term 
ppt af yt + até wt + a’ "ry Esc? 
is by mistake written 
p^yt: + yt + are Sa! + By? £v? : 
viz. a factor a is omitted in one of the coefficients. 


Some of the coefficients are presented under slightly different forms; viz. instead of 


62a? 8»: — 28 (By + y + e? 8?) 
Salmon has 
14 (B'r + Bey} T ALS ai yra + atB? + a’ B*) + 2028y : 
and instead of 
345 — 14a By + 1304 8y + 13602 B%y? — 428497, 
he has 
— 4a* + Ta (B* + y?) + 19628 — 68 ^y" (B* + y) — 428^, 


but these different forms are respectively equivalent in virtue of the relation 


& 4- B 4- y — 0. 
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